Recently, there has been substantial progress in methods of identifying local integrals of motion in interacting integrable models or in systems with many-body localization. We show that one of these approaches can be utilized for constructing local, conserved, Majorana fermions in systems with an arbitrary many-body interaction. As a test case, we first investigate a non-interacting Kitaev model and demonstrate that this approach perfectly reproduces the standard results. Then, we discuss how the many-body interactions influence the spatial structure and the lifetime of the Majorana modes. Finally, we determine the regime for which the information stored in the Majorana correlators is also retained for arbitrarily long times at high temperatures. We show that it is included in the regime with topologically protected soft Majorana modes, but in some cases is significantly smaller.
Introduction.-Recently, a lot of hope has been pinned on Majorana zero modes as building blocks of a quantum computer [1] [2] [3] [4] [5] . One of the systems where these modes were proposed and observed is a semiconductor nanowire with a spin-orbit interaction coupled to an s-wave superconductor [6] [7] [8] [9] [10] [11] [12] . It is known that, in low-dimensional systems, Coulomb interactions are crucial and can drastically affect their properties [13] [14] [15] [16] [17] . Interactions are also important for practical reasons: disorder is present in any semiconductor nanowire and the Majorana states are not completely immune against it [18] [19] [20] . Moderate interactions may stabilize the Majorana states against such perturbations [21] [22] [23] [24] .
Generally, a Majorana fermion is any fermionic operator Γ that satisfies Γ 2 = 1. However, in order to perform topological quantum computing one needs stable, nonAbelian anions [25] . They can be realized as localized Majorana zero modes (MZMs), whereby their stability follows from the commutation relation
whereĤ is the Hamiltonian. This equation together with the conservation of the fermion parity lead to a nonAbelian braiding for adiabatic exchanging of Majorana quasiparticles [26] . Equation (1) can be fulfilled rigorously only in the thermodynamic limit, except for a finetuned symmetric point [27] where it also holds true for
, where L is the system size and ξ is correlation length [28] . The nonzero value of the commutator means that, even in the absence of any external decoherence processes, the MZM will have a finite lifetime. The question is how to find the topological order and Majorana modes in interacting systems. Several methods have been used to study MZMs in interacting nanowires [29] [30] [31] [32] [33] , see Ref. [22] for a review. A commonly tested necessary condition [which follows from Eq. (1)] concerns degeneracy of the ground states obtained for systems with odd and even numbers of fermions. A sufficient condition for the presence of topological order is more involved. It can be formulated based on the local unitary equivalence (LUE) between the ground states of the interacting system and of the noninteracting Kitaev chain in the topological phase [34] . In order to prove LUE, it is sufficient to show that one of the ground states can be continuously deformed to the other, whereby the spectral gap above the ground state must stay open along the entire path of deformation [35, 36] . But this is not equivalent to Eq. (1) and guarantees only the so-called soft mode, which is fully protected by topology only at temperatures well below the spectral gap. In other words, a soft MZM commutes with the Hamiltonian which is projected into a low-energy subspace [37] . At higher temperatures, the information encoded in this mode can be lost after some time.
In this Letter, we propose a method that allows one to find Majorana operator Γ that almost satisfies Eq. (1) within the entire Hilbert space. Our method finds the so-called strong MZM that is stable at arbitrary high temperatures [38] [39] [40] . Perturbative construction of almost strong MZMs has recently been reported in Ref. [40] for the Ising-like model with nearestand (integrability-breaking) next-nearest-neighbor interactions. In contradistinction, our approach is general and can be applied for arbitrary Hamiltonians, in principle, also, for spinful fermions. To this end, we derive the optimal form of a local operator Γ that guarantees the longest lifetime of the MZM. We determine the regime of existence of a strong MZM and show that it is smaller than the regime with soft modes, the latter being established from LUE.
The conservation of Γ can conveniently be studied by averaging this quantity over an infinite time window
= lim
If this mode is strictly conserved thenΓ = Γ. This, however, would require Eq. (1) to be satisfied, what may not be the case in finite systems. Therefore, we will usually search for an optimal choice of α i whenΓ is as close to Γ as possible. In order to quantify the proximity of two operators we use the usual (Hilbert-Schmidt) inner product ÂB = Tr(ÂB)/Tr(1). The optimal choice of coefficients α i corresponds to a minimum of (Γ−Γ)
The latter equality originates from the identity ΓΓ = ΓΓ (i.e., the time averaging is an orthogonal projection), as shown in the Supplemental Material [42] . Consequently, the least decaying mode can be found from the optimization problem
The physical meaning of λ comes from the observation that the scalar product ... formally represents thermal averaging carried out for infinite temperatures. Then, following Eq. (4), λ is the asymptotic value of the longest living autocorrelation function Γ(t)Γ . If λ = 1, then Γ is a strict integral of motion. i.e. a strong MZM [37, 38, 43, 44] . For 0 < λ < 1 the information stored in the correlator Γ(t)Γ is partially retained for arbitrarily long times (despite Γ not being strictly conserved), while this information is completely lost when λ = 0. The optimization problem can be further simplified
It becomes a standard eigenproblem for the (positive semidefinite) matrix γ iγj . Namely, λ is the largest eigenvalue of γ iγj , and α j are components of the corresponding eigenvector. Essentially, all nonvanishing eigenvalues (whether degenerate or not) correspond to independent MZMs, whereby their independence follows from orthogonality of different eigenvectors and the identity
The general idea behind this method is similar to another approach which has previously been used for identification of new integrals of motion in the Heisenberg model [45] . The latter approach targets operators which are conserved and local. Here, we single out Majorana operators which are conserved and, at the same time, are local. The conservation follows from the time averaging, i.e., from the identity [Ĥ,Γ] = 0, whereas locality originates from the fact that Γ is a linear combination of γ i , each of them being supported on a single site only. Since we maximize the projection Γ Γ , the resulting operators retain the properties of both Γ andΓ; i.e., they are local, conserved MZMs. More formal discussion concerning MZMs (including their locality [46] ) can be found in the Supplemental Material [42] .
When studying systems with fixed boundary conditions, it is utterly important, that the limit for the size of the system L → ∞ precedes the limit for time τ → ∞, [47, 48] . Since numerical calculations can be carried out for finite systems only, τ in Eq. (3) should be kept large but finite until the finite-size scaling is accomplished. All the discussed properties of the correlation functions also hold true for finite τ [49, 50] , even though it is not the case for finite τ in Eq. (2).
Example.-As an example, we study a onedimensional system of interacting, spinless fermions with hard-wall boundary conditions. The system is described by the Kitaev Hamiltonian [27] extended by the many body interactionŝ
Here, t 0 refers to hopping amplitude, µ is a chemical potential, ∆ is the superconducting gap and n i = a † i a i − . All other eigenvalues of the matrix K are much smaller and vanish in the thermodynamic limit (not shown). It remains in agreement with a common knowledge that the homogeneous chain described by the Hamiltonian (6) may host at most two MZMs exponentially localized at the boundaries [27, 28, 36] .
The complexity of our approach is independent of whether or not the many-body interactions are present: hence, the method can be tested by investigating a noninteracting system with V = W = 0. sults remain in agreement with the well established properties of the MZMs in a noninteracting case, see, e.g., [28] . We have also calculated the local density of states at zero energy for the noninteracting Hamiltonian
whereĤ is given by Eq. (6) but with V = W = 0. In Figs. 2a) and 2b), rescaled ρ i (E = 0) is compared with the spatial density of the Majorana fermions contributing to both Majorana modes, |α
. Perfect agreement between both methods illustrates accuracy of the approach derived in this work.
Systems with many-body interactions.-All results in the main text will be shown for W = V /2, whereas the commonly studied case W = 0 (which contains some peculiar features) is discussed in the Supplemental Material 1a) ], the position of the steep sections of λ(τ ) increases exponentially with the system size indicating that lim τ →∞ lim L→∞ λ 1 but, in contrast to noninteracting systems, λ < 1. In the Supplemental Material [42] , we show that the latter inequality seems to be generic for systems with many-body interactions. It implies that the strictly local operator Γ is not a strict integral of motion. Our approach singles out Γ which contains the largest possible conserved part represented by lim τ →∞Γ . For finite systems, the many-body interactions may extend the time scale in which the correlator Γ(t)Γ is large. Interestingly, this extension can exceed 1 order of magnitude, as shown in Fig. 1d ). Figures 2c) and 2d) explain the origin of this extension. They show how the many-body interactions modify the spatial structure of the MZMs. There are two modes which vanish exponentially outside of the edges of the system. Note that this property is not built into our algorithm but appears as a result which doesn't need to hold true for other geometry of the system. Despite the exponential decay, these two modes still do overlap and this overlap is responsible for a finite-lifetime of the MZMs in a noninteracting system with L < ∞. Then, the many-body interactions push these modes further towards the edges of the system [see Figs. 2c) and 2d)], reducing the overlap between them and, in this way, increasing their lifetime. This mechanism holds true as long as the interactions are not too strong, when the MZMs eventually disappear.
Next, we compare our results for strong MZMs with the presence of the topological order. We check the degeneracy of the ground state (necessary condition) as well as LUE to the topological regime in the noninteracting Kitaev model (sufficient condition). To this end, we study chains of L = 8, 10, ..., 20 and find the two lowest energies in the subspaces with odd and even particle numbers, denoted, respectively, as
Typically, the gaps between the low-energy levels decay algebraically with L; hence, we carry out linearly in 1/L extrapolations of ∆E o(e) (L). However, δE(L) should decay exponentially in the topological regime; thus, we use the fitting function δE(L) = A exp(−BL) + δE(∞). These extrapolations break down when V and µ are large [42] , what shows up as large errors for the extrapolated quantities, σ δE and σ ∆E . We identify the degenerate ground states as a regime where both |δE(∞)| and σ δE are small, defining δE ≡ |δE(∞)| + σ δE 1 as the lower bound on the degenerate region. The LUE implies that the gap min{∆E o (∞), ∆E e (∞)} doesn't vanish along a path that reaches the topological regime for V = 0, while σ ∆E remains small. Then, we define the lower bound on the corresponding region by ∆E ≡ min{∆E o (∞), ∆E e (∞)} − σ ∆E > 0. Results for δE and ∆E are shown in Figs. 3a), 4a) and 3b), 4b), respectively. The actual topological region may be larger than it follows from lower bounds shown in Figs. 3b) and 4b).
Results in Figs. 3c ) and 3d) show that the strong MZMs, indeed, exist for very long times (τ > 200) not only in the ground state but, essentially, in the entire energy spectrum. We also confirm that a moderate manybody interaction extends the range of µ where soft and strong MZMs are present [22] .
In Fig. 4 , we show similar results but for µ = 0 and various magnitudes of the superconducting gap ∆. In this case an exact solution is known but only for ∆ = 1 and W = 0 [36, 51] . For large τ and ∆ 1, the strong MZMs seem to be absent even for very weak many-body interaction. However, it is a finite-size effect that, again, shows how important is the correct order of limits for time and the system size. Therefore, in Fig. 5 we set τ = 100 and show the Majorana autocorrelation function for various values of L together with results extrapolated to L → ∞. The details of extrapolation and results for lim τ →∞ lim L→∞ λ(τ ) are shown in the Supplemental material [42] . The regime with λ > 0 covers roughly the entire topological regime determined via LUE to the single-particle Kitaev model [compare Figs. 4b) and 5d)]. However, λ gradually decreases with increasing interactions, and a strong MZM with large λ exists within a much smaller regime, as shown e.g., by the contour in Fig. 5d) .
Conclusions.-We have proposed an approach for finding local (strong or almost strong) MZMs which can be implemented for an arbitrary many-body interaction. We have found that even at elevated temperatures, the life-time of these modes is long enough so that they may be used effectively to store the information. The regime where the strong MZMs exist (as quantified by large λ in our approach) is included, but is smaller than the regime which is unitarily equivalent to the topological regime in the single-particle Kitaev model. It means that not all topological states are equally protected to be useful in, e.q., quantum computing. At finite temperatures, the systems with weak many-body interactions are preferable; however, these interactions may still be significant, when compared to other energy scales in the system. Our results also suggest that in systems with many-body interactions the strictly local Majorana operators are not strict integrals of motion, however, their autocorrelation function remains large for arbitrarily long times. 
Supplemental Material
In the Supplemental Material we show that the Majorana fermions singled out by our approach are indeed the edge strong zero modes. Further on, we discuss results for a system where the many-body interactions are restricted to the neighboring lattice sites only. Finally, we present the details of the finite-size scaling.
MAJORANA EDGE ZERO MODE
In this section, we closely follow the formal concept of strong edge zero mode described in Ref. [38, 40] and also in [39] . Such mode is an operator that maps an eigenstate in one symmetry sector to a state in another sector with the same energy up to finite-size corrections. Here, the term "strong" means, that this mapping holds true for all eigenstates of Hamiltonian. As clearly explained in Ref. [40] , it is a stronger condition than necessary for a topological order. Interestingly, the strong character of the Majorana zero modes has been recognized already in the pioneer paper by Kitaev [27] . Below we demonstrate that for λ = 1 [see Eq. (4) in the main text] the Majorana operator, Γ = i α i γ i , is indeed a strong zero mode.
Using the commutation relations {γ i , γ j } = 2δ ij one finds
We formally rewrite Γ as well asΓ [see Eq. 
In the main text we have shown that the condition λ = 1 it equivalent to Γ =Γ, hence for λ = 1 one obtains alsō Γ 2 = 1. Then, we see that
holds true for arbitrary eigenstate |n . It is evident that the matrix elements n|Γ|m are nonzero only for states with opposite parity of the particle number. Assuming that the energy spectrum is at most doubly degenerate, we see that for each state |m in one symmetry sector (e.g. with even number of electrons) there exists a state |n in the other sector (e.g. with odd number of electrons) such that E m = E n . Using Eqs. (S2) and (S5) we obtain
hence Γ is indeed a strong zero mode. Equation (S3) might suggest that numerical diagonalization of the Hamiltonian is sufficient to single out the Majorana strong zero modes. The only problem seems to be sorting the energies and finding the matching pairs of states |n and |m in different symmetry sectors but with equal energies. However, numerical diagonalization can be carried out for finite systems only when the energies of states with opposite parities differ by a finite-size corrections. Due to these corrections, one would have to find the pairs of states such that the difference of their energies vanishes in the thermodynamic limit, L → ∞. Implementation of such numerical procedure is highly nontrivial, especially that the typical distance between the consecutive energy levels decays exponentially with L for arbitrary extensive Hamiltonian, i.e., independently of the presence of the Majorana modes. In our approach the problem of the finite size corrections to the energy levels is resolved simply by allowing for finite τ in Eq. (2) in the main text. The correct order of limits lim τ →∞ lim L→∞ λ simply means that the strict degeneracy exists only in the thermodynamic limit. Even if the problem of not perfectly degenerate states could be resolved by some other method, then one needs to carry out an independent test whether the Majorana mode, as given by Eq. (S3), is a local operator with support at the edges of the system.
In our approach the largest eigenvalue λ obtained from Eq. (4) in the main text allows to single out the Majorana strong zero mode Γ = i α i γ i . As demonstrated in Fig.  2 in the main text, the coefficients α i decay outside of regions located at the edges of the chain, hence Γ is also the edge mode. It is important to stress that α i and λ are determined by a single eigenproblem. Consequently, the presence and properties of strong zero modes in the many-body Hamiltonian are fully specified by this eigenproblem. We are not aware of any other numerical algorithm, which allows to single out strong edge zero modes in arbitrary Hamiltonian with many-body interactions.
ALMOST CONSERVED MAJORANA MODES
In this section we discuss the physical meaning of the Majorana fermions for 0 < λ < 1. Using Eq. (3) in the main text, one obtains ΓΓ = 1 where Z = n 1 is the dimension of the Hilbert space. For λ < 1, Γ remains a local operator (e.g., the edge mode), since it is defined as a linear combination of the local Majorana operators γ i . However, it is not strictly conserved any more. Using Eqs. (S7) and (S8) one finds for λ < 1 that there are nonvanishing matrix elements n|Γ|m also for states with different energies E m = E n . Therefore, for λ < 1 the strong character of the Majorana mode is lost. Then, it is instructive to decompose the Majorana operator in the following way 
is orthogonal toΓ, ΓΓ ⊥ = 0. Due to this orthogonality it is easy to find the (squared) norms of all operators:
To conclude, our approach finds the Majorana fermions with the largest λ. It singles out the Majorana strong zero-mode if such mode exists (λ = 1). Otherwise (λ < 1), it finds the Majorana mode with the largest conserved part,Γ. Figure S1 shows the matrix elements of such Majorana mode Γ mn = m|Γ|n as a function of energies E m and E n . and the corresponding matrix elements are shown in Fig. S1c . The conserved part is diminished mostly in the middle of the spectrum, but it still remains large at the bottom of the spectrum, what is relevant for the low-temperature regime. The HilbertSchmidt inner product ... may be modified in such a way that it becomes relevant for finite temperatures, e.g. see Ref. [49] . We have numerically studied selected cases also for k B T = 10 and found that the liftetime of the MZMs is slightly larger than at T → ∞ (not shown). Obviously, very low but nonzero temperatures are not accessible due to huge finite-size effects.
RESULTS FOR A SYSTEM WITH NEAREST NEIGHBOR INTERACTION
Numerical results presented in the main text have been obtained for repulsive interaction between the first (V ) and the second nearest neighbors (W ). Here, we discuss the same quantities but for the commonly studied case with W = 0 which, however, contains some peculiar features.
We start with the difference of the ground state energies δE(L), obtained for systems with odd and even number of fermions. Vanishing of δE in the thermodynamic limit is necessary for the onset of soft Majorana modes. δE(L) obtained for L = 8 is shown in Figs. S2a and S2b for W = 0 and W = V /2, respectively. The former figure accurately reproduces results presented in Ref. [29] . Here one may identify two regions where δE(L) is small: (1) small 2D area around V = 0, µ = 0 and (2) a number of narrow stripes that extend from region (1) to large-V and large-µ. While the internal structure of region (2) S2c and S2d where we show average particle number in the ground state, N . We also mark the parameters for which δE(L) is small. One can see that lines separate regimes where the ground state occupation is close to consecutive integers 0, 1, . . . , L. In the adjoining regimes, these integers have opposite parity, hence the borderline between these regimes corresponds to degenerate ground states obtained in sectors with odd and even particle numbers. However, such lines exist independently of the pairing term, i.e., also in topologically trivial phases, and are thus unrelated to the local Majorana modes. The presence of the latter lines explains also why the finite-size scaling for δE(L) breaks down in this regime. Since the number and positions of these lines change with L, δE(L) may be non-monotonous functions of L. The same problem shows up also in the finite-size scaling of the spectral gaps ∆E o (L) and ∆E e (L).
Figures S3, S4 and S5 show respectively the same phase diagrams as Figs. 3, 4 and 5 in the main text but for W = 0. These phase diagrams are constructed from the Majorana autocorrelation function λ. On the one hand, these plots clearly show that the qualitative results discussed in the main text are generic, i.e., they are independent of a specific choice of the many-body interaction. The main message is that the long-living Majorana modes exist not only in the ground state but within the whole energy spectrum for moderate interactions, while weak interaction may even expand the range of the chemical potential where these modes exist (see Figs. S3c and S3d). On the other hand, the phase diagrams for W = 0 include rather complicated structure of lines where Majorana modes are particularly robust, see e.g., Figs. S4d and S5a-S5c. However, such structures are not generic because they don't show up for W = 0.
DETAILS OF THE FINITE-SIZE SCALING
As argued in the main text, it is utterly important for systems with hard-wall boundary conditions that the thermodynamic limit L → ∞ precedes the limit τ → ∞. It means that the correct finite-size (FS) scaling should be carried out not for a single quantity but for the τ -dependent Majorana autocorrelation function λ(τ ). In order to efficiently perform such scaling, we first fit λ(τ ) for a given system length L and then carry out the FS scaling for the fitting parameters. It is convenient to start from a standard time-dependent correlation function
It differs from the τ -dependent autocorrelation functions Γ Γ which utilizes time-averaging introduced in Eq. (2) in the main text. However, the relation between both functions can be easily established One immediately finds the limit
This limit is exactly equal to the steady-state part of Γ(t)Γ [see Eq. (S14)] which survives for arbitrarily large t. For finite τ , Γ Γ represents the integrated lowfrequency part of the Fourier transform of Γ(t)Γ , as follows from the last line in Eq. (S15). We use Γ Γ instead of Γ(t)Γ because only the former function is monotonic. It filters out the oscillations of Γ(t)Γ but retains essential information about the asymptotic long-time behavior [50] . But most importantly, the efficiency of our method follows from that the specific time-averaging, Γ, is an orthogonal projection also for τ < ∞, i.e., Γ Γ = ΓΓ . The latter identity can be checked, by direct calculations. Namely, using Eq. (3) from the main text, one obtains
Since both θ-functions have equal arguments and θ 2 (x) = θ(x) one obtains a formula that is identical to the first line in Eq. (S15).
In order to find the relevant fitting function for λ(τ ), we notice that generic many-body interactions are expected to cause exponential decay of correlations functions. It holds true also for perturbed integrable systems [49] . For Γ(t)Γ = exp(−t/τ I ) one obtains from Eq. (S15)
However, such form is too simple to account for finite noninteracting systems, where the Majorana lifetime, τ M , is limited by the overlap of Majorana modes at two ends of the chain. Without interactions, the Majorana autocorrelation function is a step function, as shown in Fig. 1a in the main text. In order to accommodate this mechanism we have modified Eq. (S17)
The fitting function contains three parameters: C, τ I and τ M . Here, 1/τ M and 1/τ I represent scattering rates due to the overlap of two Majorana modes and due to the many-body interactions, respectively. If the relaxation is dominated by the many-body interactions, then lim τ M →∞ λ fit (τ ) = Figure S6 shows that λ(τ ) may be well fitted by Eq. (S18) also for intermediate cases, when both scattering mechanisms are important.
In Fig. S7 we show a few representative examples for the finite size scaling of the scattering rates 1/τ I and 1/τ M . One is mostly interested in the case when both scattering rates vanish in the thermodynamic limit (see Figs. S7a, S7d) and lim τ →∞ lim L→∞ λ(τ ) = lim L→∞ C. Otherwise, lim τ →∞ lim L→∞ λ(τ ) = 0 if one of the scattering times remain finite. In noninteracting system, the Majorana modes exist for |µ| < 2 what is correctly reproduced by our approach as shown in Figs. S7b and S7d.
After the FS scaling has been accomplished, one may study (approximate) results for the Majorana autocorrelation function in the thermodynamic limit presented in Figs. S8 and S9. These plots show λ fit (τ ) where all fitting parameters are replaced by their extrapolated values. Such procedure unavoidably introduces errors. Consequently the irregular shape of the regime with Majorana modes most probably arises as a numerical artifacts. Nevertheless, it is rather evident that the information stored in the Majorana autocorrelation functions is at least partially retained for arbitrarily long times also for rather strong interactions V 2. However, if the Majorana modes are strict integrals of motion then lim τ →∞ lim L→∞ λ(τ ) = 1. Numerical results shown in Figs. S8 and S9 strongly suggest that in the presence of many-body interactions, the latter limit is always smaller than unity, even though it may be very close to this value. As argued in the main text, this implies the presence of quasilocal strictly conserved operators lim τ →∞Γ , which have large projection on strictly local Majorana modes, Γ.
The method has been demonstrated for a toy model of spinless fermions with p-wave pairing. This model, however, is a prototype on which all current 1D realizations of Majorana physics are based [6, 7] . In real systems, the Zeeman splitting is used to break the Kramers degeneracy and create effectively spinless fermions. The Rashba spin-orbit coupling combined with s-wave pairing induced by proximity to a conventional superconductor produces effective p-wave pairing. Then, in order to enter the topological phase that guarantees the presence of Majorana end modes, the parameters of the realistic model (Zeeman splitting V Z , chemical potential µ and superconducting gap magnitude ∆) have to satisfy exactly the same relation as derived for the Kitaev chain: V Z > ∆ 2 + µ 2 [8] . Moreover, the proposed method can be straightforwardly applied to models of the semiconducting nanowires used in real experiments. The only problem is that for spinful electrons the Hilbert space is twice as large as in the Kitaev model, what would limit the maximum length of the system. And since the lifetime of MZM increases with the system size, we preferred our system to be as large as possible.
